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Remark: Each question carries 20 marks.

1. Let U,V,W be open subsets of R", R™ and R! respectively, and let g : W — V

and f : V — U be C? functions. Let x;,y; and z; denote the co-ordinate
functions on R",R™ and R! respectively. Thus, 1 < i < n,1 < j < m and
1<k<L

(a) Show that a;ik(mi ofog) = ];1 %(:piof) 0g %(yjog).

(b) Define the pull-back f*(w) of differential forms w on U (under f) and show
that pull back commutes with exterior derivative, i.e., if w is a differential
form on U of class C! then f*(dw) = d(f*(w)).

. Let U and V be open subsets of R™ and R" and let f : U — V be a C'! function.

(a) Show that f is locally Lipscitz, i.e., every point x ¢ U has a neighborhood
K C U and a constant ¢ > 0 (depending on K) such that ||f(y) — f(2)] <
clly — z| for all y,z ¢ K.

(b) If m = n and x ¢ U is such that f’(z) is invertible then, show that there is a
neighborhood K’ C U of z and a constant ¢ > 0 such that || f(y)— f(2)] >
dlly — z|| for all y, z ¢ K'.

. Show that any two norms on R" determine the same notion of convergence of
sequences.

(a) Give an example of a differentiable function f on a neighborhood U of 0
in R to itself such that f'(0) # 0, f’ is bounded on U, but f is not one-one
on any neighborhood of 0.

(b) Give an example of a C! function f : R? — R? such that f’(z) is invertible
for all x, but f is not one-one.

. Let f:R™ — R be a function and let x ¢ R".

(a) If the n partial derivatives of f exist and are bounded on some neighbor-
hood of = then show that f is continuous at x.

(b) If f is differentiable on a neighborhood of z, and f attains a local maximum
at x then show that f'(z) = 0.



